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ON EQUIVALENCES OF DERIVED AND SINGULAR CATEGORIES
VLADIMIR BARANOVSKY, JEREMY PECHARICH
Abstrat. Let X and Y be two smooth Deligne-Mumford staks and onsider a pair of funtions
f : X → A1, g : Y → A1. Assuming that there exists a omplex of sheaves on X ×A1 Y whih
indues an equivalene of Db(X ) and Db(Y), we show that there is also an equivalene of the
singular derived ategories of the bers f−1(0) and g−1(0). We apply this statement in the setting
of MKay orrespondene, and generalize a theorem of Orlov on the derived ategory of a Calabi-Yau
hypersurfae in a weighted projetive spae, to produts of Calabi-Yau hypersurfaes in simpliial
tori varieties with nef antianonial lass.
1. Introdution
Mirror symmetry is a onjetural equivalene between holomorphi data on one Calabi-Yau three-
fold and the sympleti data on another Calabi-Yau threefold. More preisely, Kontsevih onje-
tured [Ko℄ given a pair of mirror Calabi-Yau threefolds X, X̂ there is an equivalene between the
derived ategory of oherent sheaves on X and a suitably dened Fukaya ategory on X̂. Later this
was extended to involve Fano varieties. The mirror to a Fano variety, X is no longer just a variety
but a pair (X̂,W ) where X̂ is a regular sheme andW : X̂ → A1 is a regular morphism. Suh a pair
is alled a Landau-Ginzburg model in the physis literature. When X̂ is ane Kontsevih suggested
replaing the derived ategory of oherent sheaves with a ategory of 2-periodi omplexes where
the omposition is no longer 0 but multipliation by W . Orlov dened this ategory and showed it
is a triangulated ategory [O1℄. This ategory is denoted by DB(W ) and mirror symmetry is now
onjetured to be an equivalene between DB(W ) and a Fukaya type ategory.
The bounded derived ategory of oherent sheavesDb(X) has a triangulated subategoryPerf(X)
onsisting of perfet omplexes i.e. omplexes whih are loally quasi-isomorphi to a bounded
omplex of loally free sheaves. If X is non-singular then every bounded omplex of oherent
sheaves admits a loally free resolution. This means that Perf(X) is equivalent to Db(X). When X
is singular this is no longer true. Orlov [O1℄ introdued the singular derived ategory Dsg(X) as the
quotient of Db(X) by the full triangulated subategory Perf(X). He showed that for ane X the
ategory DB(W ) is equivalent to the produt of Dsg(Xw) over the ritial values w ofW : X → A
1
.
Thus, one an say that DB(W ) reets the singularities of the bers of W .
In this paper we study Db(·) and Dsg(·) for Deligne-Mumford staks.
Convention. The term stak will mean a Deligne-Mumford stak X of nite type over a eld k of
harateristi zero (k = C in appliations) whih has nite stabilizers. In addition we will always
assume that X is quasi-projetive, i.e. admits a loally losed embedding in a smooth Deligne-
Mumford stak W, suh that W is proper over Spec k and has a projetive oarse moduli spae. If
we an hoose a losed embedding into suhW then X is alled projetive. Quasi-projetivity ensures
that X has a quasi-projetive moduli spae and that every oherent sheaf on X is a quotient of a
1
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vetor bundle (the so-alled resolution property). See [Kr℄ for an exellent overview of related results.
In partiular, if X is smooth then every oherent sheaf admits a nite loally free resolution. For
a quasi-projetive stak X , we denote by Db(X ) the bounded derived ategory of oherent sheaves.
All funtors between suh ategories (pullbaks, pushforwards and tensor produts) are assumed to
be derived (otherwise they are not well dened on Db) hene we drop the usual letters R and L
from the notation.
The main tehnial result of this paper, proved in Setion 2, is as follows.
Theorem 1.1. Let X , Y be two smooth staks, f : X → A1, g : Y → A1 two morphisms and F˜ a
omplex on X ×A1 Y with support proper over X and Y. Let ΦF : D
b(X )→ Db(Y) be the Fourier-
Mukai transform with the kernel F = h∗F˜ , where h : X ×A1 Y → X ×Y is the losed embedding. If
ΦF is an equivalene of ategories, and X0, Y0 are the bers of f , g over 0 ∈ A
1
, respetively, then
the pullbak of F˜ to X0 × Y0 indues an equivalene of derived ategories D
b(X0) ≃ D
b(Y0) whih
desends to an equivalene of singular derived ategories Dsg(X0)→ Dsg(Y0).
This theorem an be applied to the situation when one has the following diagram of staks and
proper birational morphisms
(1.1) W
µ
~~}}
}}
}}
}} ν
  A
AA
AA
AA
A
X
φ   A
AA
AA
AA
A
Y
ψ~~}}
}}
}}
}}
Z
We assume that X ,Y,W are smooth staks, Z is an ane variety, µ∗(KX ) = ν
∗(KY) and in addition
φ and ψ indue projetive morphisms of oarse moduli spaes. For instane, we an assume that
Z is a singular quotient V/Γ of a nite dimensional vetor spae V by a linear ation of a nite
group Γ ⊂ SL(V ), X = [V/Γ] is the same quotient onsidered as a smooth stak and Y is a repant
resolution of the variety V/Γ.
By a strengthened version of derived MKay Correspondene onjeture, suh a diagram (1.1)
should imply existene of a Fourier-Mukai equivalene with a kernel obtained by diret image from
X ×Z Y. In partiular, F˜ exists whenever the morphisms f : X → A
1
, g : Y → A1 are obtained by
pulling bak the same regular funtion Z → A1. This holds in the ases of the derived MKay orre-
spondene onsidered by Bezrukavnikov and Kaledin; Bridgeland, King, and Reid; and Kawamata
[BK, BKR, K1℄. Thus, our rst appliation, Theorem 2.10, is in these three ases.
Our Theorem 2.10 generalizes an earlier result of Quintero-Vélez, f. [QV℄, who proves the
statement under the assumption that Y is given by G−Hilb(V ), the Hilbert sheme of G-lusters,
and that Φ is given by the struture sheaf of the universal subsheme. In partiular, ase (1) of
Theorem 2.10 follows from lo. it.. As observed in the same paper, the assumption also holds
when Γ = Z/nZ where n = dimV , Γ ats diagonally on V and Y is the total spae of the anonial
bundle on the projetive spae P(V ). After the rst version of this paper appeared as preprint,
we have learned about an even earlier work by Mehrotra, f. [Me℄, who have onstruted a full
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and faithful embedding Dsg(X0) → Dsg(Y0) under the same assumption (i.e. that X = [V/Γ] and
Y = G−Hilb(V )). We also mention here that in the ase of shemes, but for arbitrary base hange
and without any atness assumption, the results of Setion 2.2 were proved earlier by Kuznetsov,
f. Setion 2.7 of [Ku℄.
In Setion 3 we give another appliation in the setting when all four spaes and morphisms are
tori with respet to the ation of the same (split) torus T . We apply Theorem 1.1 and results
of Kawamata, f. [K1℄, to the ase when Γ ⊂ SL(V ) is abelian and f is given by a Γ-invariant
polynomial on V . We mention here that the work [HLdS℄ on Fourier-Mukai transform for Gorenstein
shemes also deals with a similar situation, although from a somewhat dierent angle. To formulate
the seond appliation, f. Corollaries 3.3 and 3.7, rst let P(a) := P(a0, · · · , an) with ai > 0 for
all i, be the weighted projetive spae. Given f a quasi-homogeneous polynomial that is invariant
under the ation of ZN where N =
∑
ai the zero set Y is a Calabi-Yau hypersurfae of P(a). Orlov
gave an algebrai proof of an equivalene Db(Y ) ∼= DC
∗
sg (C
n+1, f) [O2, Thm 3.12℄, where C∗ ats on
Cn+1 with weights (a0, . . . , an) and D
C∗
sg stands for the equivariant version of the singular ategory.
As a orollary of Theorem 1.1 and Kawamata's theorem on tori repant resolutions [K1, Prop.
4.2℄ we give a geometri proof of this statement and also generalize it to produts of Calabi-Yau
hypersurfaes in simpliial tori varieties with nef antianonial lass.
Aknowledgements. We would like to thank Tony Pantev for valuable omments. The work of the
rst author was partially supported by the Sloan Researh Fellowship.
2. Proof
In this setion we onsider the following ommutative diagram in whih all horizontal arrows are
regular losed embeddings of odimension one, and all other arrows are the anonial projetions:
(2.1) Y0
i0 // Y
X0 × Y0
k0 //
piX0

piY0
OO
X ×A1 Y
pX

h //
pY
OO
X × Y
piX
yyrrr
rr
rr
rr
rr
piX
eeLLLLLLLLLLL
X0
j0
// X
Note that the both squares are artesian and the vertial arrows represent at morphisms. We will
also onsider the shifted line bundles
(2.2) ω := pi∗XKX [n], ω˜ := h
∗ω[−1], ω0 = C
∗
0ω˜
on X × Y, X ×A1 Y and X0 × Y0, respetively.
2.1. Generalities on sheaves and staks. To prove Theorem 1.1 we rst need a few lemmas.
The reader may wish to skip to Setion 2.2 and return to the statements of this setion as they are
quoted in the proof.
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Lemma 2.1. [LMB, Prop. 13.1.9℄ Let
Y ′
ξ

v // Y
ζ

X ′ u
// X
be a artesian diagram of Deligne-Mumford staks with ζ quasi-ompat and u at and N ∈ D+qc(Y).
Then the anonial morphism
u∗ζ∗N → ξ∗v
∗
N
is an isomorphism in D+qc(X
′).
Lemma 2.2. Let X be a smooth quasi-projetive stak. There exists a smooth projetive stak X
and an open embedding X → X .
Proof. By assumption X admits a loally losed embedding in a smooth projetive stak W. By
[Kr℄ we an assume that W = P/GL(n) where P is a smooth quasi-projetive variety and GL(n)
ats on P linearly and with nite stabilizers. Then also X ≃ Q/GL(n) where Q ⊂ P is smooth
and loally losed. The losure Q of Q in P is GL(n)-invariant, although it may be singular. Using
anonial desingularization (i.e. versions due to Bierston-Millman, Villamayor and Wªodarzyk) by
blowing up a maximal stratum of a ertain loal invariant whih is automatially GL(n)-invariant,
we an nd an iterated GL(n)-equivariant blowup P˜ → P with smooth GL(n)-invariant losed
enters, suh that the proper transform Q˜ is smooth and the morphism Q˜ → Q restrits to an
isomorphism over Q. Then Q˜ is quasi-projetive, and the stabilizers of the G-ation on Q˜ are still
nite (sine they embed into the stabilizers of points in Q). Moreover, the moduli spae Q˜/GL(n)
of the quotient stak [Q˜/GL(n)] =: X is projetive. In fat, sine Q˜/GL(n) is losed in P˜ /GL(n),
it sues to show that the morphism P˜ /GL(n) → P/GL(n) is projetive. By indution we an
assume that P˜ is a single blowup of P at a smooth GL(n)-invariant enter R. We an nd an ample
line bundle L on P and a nite-dimensional G-invariant subspae of setions U ⊂ Γ(P,L) suh that
the ommon zero sheme of these setions is R. Then P˜ an be identied with a losed subvariety
of P ×P(V ∗) (i.e. losure of the graph of the rational map dened by the linear system |U |) thus it
sues to show that P × P(V ∗)/GL(n)→ P/GL(n) is a projetive morphism, whih follows easily
by a GIT-type argument. 
The next lemma has a relatively quik proof due to the (quasi)-projetivity ondition whih
imposed on staks.
Lemma 2.3. (Relative Serre Duality: smooth projetive ase) Let X be a smooth projetive stak
of dimension n and Y a quasi-projetive stak. The funtor piY∗ : D
b(X × Y)→ Db(Y) has a right
adjoint
pi!Y(·) ≃ pi
∗
XKX [n]⊗ pi
∗
Y(·)
Proof. We rst observe that our staks satisfy the resolution property and morphisms are separated.
Hene by Proposition 1.9 in [Ni℄ the right adjoint pi!Y of piY∗ exists although apriori it is dened
as a funtor D(Y)→ D(X × Y) on unbounded derived ategories of omplexes of O-modules with
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quasi-oherent ohomology. By base hange Lemma 2.1, existene of pi!Y and the proof of Theorem
5.4 in [Ne℄ we an onlude that
pi!Y(·) ≃ pi
!
Y(OY)⊗ pi
∗
Y(·).
It remains to establish
pi!Y(OY) ≃ pi
∗
XKX [n]
When Y ≃ Spec(k), this is the ontents of Theorem 1.32 (Smooth Serre Duality) in [Ni℄. For general
X we onsider the diagram
X × Y
piX //
piY

X
p

Y q
// Spec(k)
Sine p!OSpec(k) ≃ KX [n] by lo. it. it remains to show that pi
∗
X p
! ≃ pi!Yq
∗
. Following Verdier, we
onsider the omposition
pi∗X p
! → pi!YpiY∗pi
∗
X p
! ≃ pi!Yq
∗p∗p
! → pi!Yq
∗,
where we have used the morphisms indued by adjuntions Id → pi!YpiY∗, p∗p
! → Id and the base
hange formula from Lemma 2.1. The morphism of funtors pi∗Xp
! → pi!Yq
∗
is funtorial with respet
to Y hene in proving that it is an isomorphism it sues to replae Y by a sheme Z admitting a
nite at surjetive morphism Z → Y, whih exists by [Kr℄. Now we apply Theorem 1.23 in [Ni℄.
This nishes the proof. 
Corollary 2.4. Reall the notation of (2.1) and (2.2) and let H , resp. H0 be a omplex on X ×Y,
resp. X0 × Y0, whih has proper support over Y, resp. Y0. Let also b, resp. b0, be a omplex on Y,
resp. Y0. Then there are isomorphisms of bifuntors
(2.3) HomY(piY∗H , b) ≃ HomX×Y(H , ω ⊗ pi
∗
Y(b))
(2.4) HomY0(piY0∗H0, b0) ≃ HomX0×Y0(H , ω0 ⊗ pi
∗
Y0
(b0)).
Proof. For the rst isomorphism, hoose a smooth ompatiation X → X as in Lemma 2.2, view
H as an objet on X × Y and then apply Lemma 2.3.
For the seond isomorphism onsider the upper artesian square in (2.1). Replaing X by a larger
open substak in the ompatiation X (and possibly blowing up X but without hanging X ) we
an assume that f : X → A1 is proper (then H0 will be replaed by its diret image to this larger
open substak). Therefore we an assume that pY and piY0 are proper. As in the end of the proof
of Lemma 2.3 we have k∗0p
!
Y ≃ pi
!
Y0
i∗0. Then
HomY0(piY0∗H0, b0) ≃ HomX0×Y0(H0, pi
!
Y0
(b0)) ≃ HomX0×Y0(H0, pi
!
Y0
(OY0)⊗ pi
∗
Y(b0))
and we only need to apply
pi!Y0(OY0) ≃ pi
!
Y0
i∗0(OY ) ≃ k
∗
0p
!
Y(OY) ≃ ω0.

Lemma 2.5. The omplex F0 = k
∗
0F˜ is bounded and has proper support over X0 and Y0. Moreover,
the following properties hold for F0:
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(1) for any perfet omplex K on X0×Y0 the diret image piX0∗(F0⊗K ), resp. piY0∗(F0⊗K )
is a perfet omplex on X0, resp. Y0;
(2) for any omplex H in Db(X0), resp. D
b(Y0), the omplex F0 ⊗ pi
∗
X0
H , resp. F0 ⊗ pi
∗
Y0
H
is an objet of Db(X0 × Y0).
Proof. The support property is obvious sine we assume that F˜ has proper support over X and
Y. Boundedness of F0 holds sine k0 is a regular losed embedding of odimension one, hene has
nite tor dimension. As for the properties (1) and (2), it sues to prove those whih involve piX0 .
Assume that F˜ has ohomology in degrees [−n, 0]. Sine X ×A1 Y has the resolution property,
we an onstrut a omplex of vetor bundles on it
E−N → E−N+1 → . . .→ E−1 → E0 → 0
with N > n+dimX whih is quasi-isomorphi to F˜ exept possibly in degree −N . By a standard
argument using the smoothness of X , the kernel of E−N → E−N+1 is projetive over OX . Thus F˜
is quasi-isomorphi to a nite omplex of oherent sheaves whih are projetive over X . Similarly,
its pullbak F0 is isomorphi to a nite omplex of oherent sheaves whih are projetive over OX0 .
This proves (2).
To show that piX0∗(F0 ⊗K ) is perfet is sues to show that piX0∗(F0 ⊗K )⊗H is bounded
for any bounded H in Db(X0). By projetion formula it sues to show that F0 ⊗K ⊗ pi
∗
X0
H is
bounded whih is immediate from the nite OX0-projetive resolution of F0. 
2.2. Main argument. Lemma 2.5 implies that we have a well-dened Fourier-Mukai transform
F0 := piY0∗(F0 ⊗ pi
∗
X0
(·)) : Db(X0) → D
b(Y0), f. [Hu℄. There is also a similar Fourier-Mukai
transform F : Db(X ) → Db(Y) with the kernel F = h∗F˜ (note that F is a perfet omplex sine
X and Y are smooth).
Lemma 2.6. Let i0 : Y0 → Y and j0 : X0 → X be the losed immersions of the bers then there is
a funtorial isomorphism
i0∗F0 ∼= Fj0∗
Proof. Similarly to Theorem 6.1 in [Ch℄ we use a series of isomorphisms
Fj0∗(·) = piY∗(pi
∗
X (j0∗(·))⊗ G )
= piY∗(pi
∗
X (j0∗(·))⊗ j∗F )
= piY∗(h∗(h
∗pi∗X j0∗(·)⊗F ))
= piY∗(h∗(p
∗
X j0∗(·) ⊗F ))
= piY∗(h∗(k0∗pi
∗
X0
(·)⊗F ))
= piY∗(h∗k0∗(pi
∗
X0
(·)⊗ k∗0F ))
= piY∗(i0 × j0)∗(pi
∗
X0
(·)⊗F0)
= i0∗piY0∗(pi
∗
X0
(·)⊗F0)
= i0∗F0(·)
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The third and sixth isomorphisms are due to the projetion formula, forth is by ommutativity of
the lower triangle in (2.1), and the fth is the base hange isomorphism of Lemma 2.1 applied to
the lower square of the same diagram. 
Lemma 2.7. In the notation of (2.1), (2.2), dene a omplex in Db(X ×A1 Y):
G˜ = Hom(F˜ , ω˜).
Then the right adjoint G : Db(Y) → Db(X ) to F is given by the Fourier-Mukai transform with
the kernel G = h∗G˜ . Similarly, the right adjoint G0 : D
b(Y0) → D
b(X0) to F0 is given by the
Fourier-Mukai transform with the kernel G0 = k
∗
0G˜ .
Proof. We rst note that boundedness of G˜ follows by repeating the argument of Lemma 2.5 and
using smoothness of X .
To prove the assertion about F , assume that a, resp. b, is a objet in Db(X ), resp. Db(Y), and
reall that we denoted F = h∗F˜ . Therefore by (2.3)
HomY(F (a), b) = HomY(piY∗(F ⊗ pi
∗
X (a)), b) ≃ HomX×Y(F ⊗ pi
∗
X (a), ω ⊗ pi
∗
Y(b))
≃ HomX×Y(pi
∗
X (a),F
∨ ⊗ ω ⊗ pi∗Y(b)) ≃ HomX (a, piX∗(F
∨ ⊗ ω ⊗ pi∗Y(b)))
In the seond line we use the fat that F is perfet and the adjuntion between pi∗X and piX∗.
Observe that the seond argument of the last expression is a Fourier-Mukai transform of b with the
kernel F∨ ⊗ ω ≃ Hom(F , ω). Thus by denition on F and ω˜ it sues to show that
Hom(h∗F˜ , ω) ≃ h∗Hom(F˜ , h
∗ω[−1])
Sine h!(·) ≃ h∗(·)[−1] this follows from Corollary 1.22 of [Ni℄ (we may even redue to the ase of
shemes onstruting a morphism from the LHS to the RHS as in lo. it. and then heking that
it is an isomorphism on etale loal ane harts). This nishes the proof for the funtor G.
The assertion about G0 is proved similarly: let H0 = F0 ⊗ pi
∗
X0
(b) and apply (2.4) to obtain
HomY0(F0(a), b) = HomY(piY0∗(F0 ⊗ pi
∗
X0
(a)), b)
≃ HomX0×Y0(F0 ⊗ pi
∗
X0
(a), ω0 ⊗ pi
∗
Y0
(b))
≃ HomX0×Y0(pi
∗
X0
(a),Hom(F0, ω0 ⊗ pi
∗
Y0
(b)))
Repeating the proof of Lemma 3.5 in [Ba℄ we derive from our Lemma 2.5 that
Hom(F0, ω0 ⊗ pi
∗
Y0
(b)) ≃ Hom(F0, ω0)⊗ pi
∗
Y0
(b),
thus our assertion redues to
k∗0Hom(F˜ , ω˜) ≃ Hom(F0, ω0) = Hom(C
∗
0F˜ , k
∗
0ω˜).
Sine ω˜ is a shift of a line bundle, the last isomorphism follows immediately by replaing F˜ with
an OX -projetive resolution as in the proof of Lemma 2.5. 
Lemma 2.8. With the notation as in Lemma 2.7 there is a funtorial isomorphism
j0∗G0 ∼= Gi0∗
Proof. The proof is exatly the same as Lemma 2.6 therefore we omit it. 
To nish the proof of Theorem 1.1 we need a ategory theory lemma:
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Lemma 2.9. [O1, Lemma 1.2℄ Let N and N ′ be full triangulated subategories of triangulated
ategories D and D ′ respetively. Let F : D → D ′ and G : D ′ → D be an adjoint pair of exat
funtors suh that F (N ) ⊂ N ′ and G(N ′) ⊂ N . Then they indue funtors
F : D/N → D ′/N ′ G : D ′/N ′ → D/N
whih are adjoints. Moreover, if the funtor F : D → D ′ is fully faithful, the funtor F : D/N →
D ′/N ′ is also fully faithful.
Proof of Theorem 1.1. Let E ∈ Db(X0) and onsider the exat triangle
E → G0F0E → C → E [1]
where C is a one over the morphism E → G0F0E . Applying j0∗ yields an exat triangle
j0∗E → j0∗G0F0E → j0∗C → j0∗E [1]
But j0∗G0F0 ∼= Gi0∗F0 ∼= GFj0∗ where the rst isomorphism is by Lemma 2.8 and the seond by
Lemma 2.6. Sine GF is isomorphi to the identity morphism and j0 is a losed immersion, C ∼= 0.
This implies that E → G0F0E is an isomorphism.
By Lemma 2.5 the funtor F0 := piY0(F0⊗ pi
∗
X0
(·)) takes perfet omplexes to perfet omplexes,
and similarly for G0. By Lemma 2.7 these funtors indue a pair of adjoint funtors F 0 : Dsg(X0)→
Dsg(Y0) and G0 : Dsg(Y0) → Dsg(X0). Moreover, the omposition G0F 0 is isomorphi to the
identity on Dsg(X0) and similarly F 0G0 is isomorphi to the identity on Dsg(Y0). 
2.3. Appliations to MKay orrespondene. In this subsetion we assume that V is a nite
dimensional vetor spae of k = C and X is the quotient stak [V/Γ], where Γ ⊂ SL(V ) is a nite
subgroup ating freely in odimension one. We take Y to be a repant resolution of the singular
quotient variety Z = V/Γ (thus, we impliitly assume that Y exists whih is not always the ase).
Finally, let t : Z → A1 be a morphism induing the ompositions f : X → A1, g : Y → A1 and
denote by X0, Y0 the bers of f and g over 0 ∈ A
1
, respetively.
Theorem 2.10. In the above setting, suppose that there exists a omplex F in Db(X ×Z Y) suh
that its diret image F to X × Y indued a Fourier-Mukai transform whih is an equivalene. Let
F0 = k
∗
0j∗F where j : X ×Z Y → X ×A1 Y and k0 : X0 × Y0 → X ×A1 Y are the natural losed
embeddings. Then the Fourier-Mukai transform with the kernel F0 indues equivalenes
Db(X0) ≃ D
b(Y0), Perf(X0) ≃ Perf(Y0), Dsg(X0) ≃ Dsg(Y0)
In partiular, suh equivalenes hold either of the three ases:
(1) dimV = 2 or 3 and Y = G−Hilb
(2) V is a sympleti vetor spae and Γ ⊂ Sp(V )
(3) Γ is a nite abelian subgroup of SL(V ) and Y is projetive over Z.
Proof. The rst part of the statement is an immediate onsequene of Theorem 1.1. In the seond
part, we only need to establish existene of appropriate F˜ . For (1) and (2) this follows from the
main results in [BKR℄ and [BK℄, respetively. For (3) we observe that sine Γ is abelian, there exists
an n-dimensional torus T suh that Z is a tori variety with the torus T , and that by the proof of
Corollary 3.5 in [K2℄ the repant resolution Y is automatially tori with the same torus T . Note
that the orollary quoted is stated for projetive varieties, and in our ase we need to repeat its
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proof invoking the relative tori version of MMP from [FS℄. Existene of F˜ is proved in Theorem
3.1 by a simple extension of results in [K1℄. 
Remark 2.11. We ould require that the ation of Γ is generially free (i.e. stabilizers are allowed
in odimension one). In this ase onsider the normal subgroup Π ⊂ Γ generated by omplex
reetions in V . Then the quotient V ′ = V/Π is a smooth variety and in Theorem 2.10 one an
onsider X = [V ′/Γ′] with Γ′ = Γ/Π. Alternatively, we an keep X = V/Γ but view Y not as a
smooth variety but as a smooth stak with non-trivial yli stabilizers in odimension one (see the
beginning of the next setion).
3. Appliations to tori geometry
3.1. Tori staks and Kawamata's Theorem. The appliations in this setion ome from tori
geometry. We will assume k = C. Let X,Y be quasi-smooth (i.e. simpliial) tori varieties with
the ation of the same split torus T , with two eetive T -invariant Q-divisors B,C respetively,
and assume that the oeients of these divisors are in the set {1 − 1
r
|r ∈ N}. To this data one
an assoiate two smooth Deligne-Mumford staks X ,Y, respetively, as in [K1℄. One reason why
onsidering B,C is useful is that a quotient of a smooth variety V by an eetive ation of a nite
group Γ may be smooth in odimension one yet have non-trivial stabilizers there (automatially
yli). Then the multipliities of B and C will enode the information about the sizes of suh
stabilizers.
If B and C are zero, the staks X , Y may be interpreted in terms of the Batyrev-Cox quotient
onstrution whih we briey reall. Let P(Σ) be a quasi-smooth tori variety assoiated to a
simpliial fan Σ whih has n one-dimensional ones ρ1, . . . , ρn. Then, f. e.g. [CLS℄, P(Σ) it an
be realized as a quotient (Cn \B)/G where the basis u1, . . . , un in C
n
is in bijetive orrespondene
with ρ1, . . . , ρn, B is a union of some oordinate subspaes of odimension at least 2, and G is
an algebrai subgroup of (C∗)n with its natural ation on Cn. Thus G itself is isomorphi to a
produt of several opies of (C∗) and a nite abelian group. The assumption that Σ is simpliial
ensures, f. lo. it., that G-ation on Cn \ B has nite stabilizers and thus there exists a smooth
Deligne-Mumford quotient stak P(Σ) with oarse moduli spae isomorphi to P(Σ).
We will use a version of the Kawamata's theorem on equivalene of derived ategories for tori
staks. In our setup, we assume that in the diagram (1.1) all staks are tori with the ation of the
same torus T , and that all morphisms are T -equivariant.
Theorem 3.1. In the situation desribed, there exists a T -equivariant kernel F on X ×Y given by
a diret image of a T -equivariant objet in Db(X ×Z Y), suh that the orresponding Fourier-Mukai
transform ΦF : D
b(X )→ Db(Y) is an equivalene.
Proof. By the relative version of the tori MMP explained in [FS℄ and a standard argument modeled
on the proof of Theorem 12.1.8 in [Ma℄, the birational isomorphism X → Y may be deomposed
into a nite sequene of T -equivariant divisorial ontrations and ips over Z whih are log repant.
For every suh ontration or ip we an apply Theorem 4.2 in [K1℄. Observe that the kernels in
lo. it. are indeed T -equiariant and given by diret images from X ×Z Y. The onvolution of
several suh kernels (giving the omposition of equivalenes) also satises this ondition. 
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3.2. Hypersurfaes in simpliial tori varieties. As another appliation of Theorem 1.1 we
extend a result of Orlov on the derived ategory of a Calabi-Yau hypersurfae in a weighted proje-
tive spae. From now on the log divisors B,C are zero. Our appliation is based on the following
result due to M.U. Isik, f. [Is℄. For ompleteness we reprodue a sketh of the proof with the kind
permission of the author.
Proposition 3.2. Let X be a smooth Deligne-Mumford stak over C and s a regular setion of a
vetor bundle E with determinant dual to the anonial bundle of X. Let Y ⊂ X be the zero sheme
of s and Z ⊂ E∨ the zero sheme of s viewed as a berwise linear funtion on the total spae of
the dual bundle E∨. Then Db(Y ) is equivalent to the Karoubian ompletion (or split ompletion) of
the equivariant singular ategory DC
∗
sg (Z), whih obtained by adding images of all projetors. The
ation of C∗ on Z is restrited from the natural ation by salar dilations on the bers of E∨.
Proof. The proof involves sheaves of graded DG-algebras (and modules over them) whih have
homologial degree degh and internal degree degi. First one identies (up to derived equivalene)
omplexes of graded OZ -modules with omplexes of graded modules over the Koszul DG algebra
B = (εSym•(E)→ Sym•(E)); d(ε) = s
where the formal variable ε satises ε2 = 0 and the dierential is linear with respet to Sym•(E). In
both ategories the dierential inreases degh by one and preserves degi. Note that degh(ε) = −1,
degi(ε) = 1, degh(Sym
•(E)) = 0 while the internal degree on Sym•(E) is given by the usual
polynomial degree.
Next use ber-by-ber BGG orrespondene (or Koszul duality) to onstrut a derived equivalene
between graded DG modules over B and graded DG-modules over the dual" algebra
A = Λ•(E∨)⊗OX OX [t]
where the dierential is t-linear and satises d(f) = t · 〈s, f〉 for a loal setion f of E∨ (this admits
a unique extension to the exterior algebra by Leibniz rule). This time degi(t) = degi(f) = 1,
degh(t) = 2,degh(E
∨) = 1.
The omposition of these two equivalenes sends perfet omplexes of graded OZ -modules map to
omplexes of graded A-modules on whih t ats nilpotently. Therefore, using a version of Thoma-
son's loalization theorem [TT℄, Lemma 5.5.1, we onlude that the split ompletion of DC
∗
sg (Z) is
equivalent to the ategory of graded modules over the loalization At. Sine t is now invertible,
multipliation by it identies all homogeneous omponents (with respet to degi), i.e. the ate-
gory is equivalent to non-graded modules over the Koszul resolution A′ of OY . Using the derived
equivalene between A′-modules and OY -modules we obtain the result. 
Now onsider a projetive simpliial tori stak as in Setion 3.1. We x the fan Σ and drop it
from notation, writing simply P and P. We will require that K∨P is nef, i.e. a positive power of the
anti-anonial bundle on P desends to a nef bundle on P.
The Piard group of the stak P = [(Cn \ B)/G] an be identied with the A = Hom(G,C∗)
sine B has odimension ≥ 2 and therefore any line bundle on Cn \B is trivial. Expliitly, for a ∈ A
we have a line bundle La over P with the total spae [(C
n \B)×C]/G where G ats on the seond
fator by the harater −a. The setions of La, viewed as regular funtions on the total spae of
L−a linear along the bers, may be identied with the spae C[x1, . . . , xn]
a
of polynomials on Cn, on
whih G ats via the harater a. Here x1, . . . , xn is the basis dual to the basis u1, . . . , un of Setion
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3.1. Observe that C[x1, . . . , xn]
a
is non-zero if and only if a belongs to the semigroup A+ ⊂ A
formed by all non-negative integral linear ombinations of the G-weights a1, . . . , an of x1, . . . , xn,
respetively. Note that all elements in A+ \ 0 have innite order if P is projetive, otherwise some
monomial with non-negative exponents would give a non-onstant regular funtion on P. The line
bundle La desends to the oarse moduli spae P preisely when a is trivial on all stabilizers of the
G-ation on Cn \B, hene the Piard group of P is a subgroup of nite index in A. We also reall
that K∨
P(Σ) is isomorphi to Lc with
c = a1 + . . .+ an.
In the smooth ase this is proved in Setion 4.3 of [Fu℄ whih is suient for us sine P is smooth
in odimension 1. Choose and x a polynomial f ∈ C[x1, . . . , xn]
c
and onsider its zero lous M, a
losed substak of P whih has trivial anonial bundle by the adjuntion formula. Note that M
may be identied with the quotient stak
[
Z(f) ∩ (Cn \ Z)
]
/G.
Let H ⊂ G be the kernel of the harater c : G → C∗. Then the group of haraters of H may
be identied with AH = A/Z · c and we denote by A
+
H the image of A
+
in AH . The G-ation on C
n
restrits to H and for a generi hoie of a ∈ A+H the H-linearization of the trivial bundle, indued
by a, will satisfy the property that all semi-stable points are stable (in fat, it sues to require
that a does not belong to any subgroup in AH whih is generated by a nite subset in the image of
{a1, . . . , an} and has non-maximal rank). Let Y
a = (Cn)s/H be the orresponding quotient stak;
its oarse moduli spae Y is just the GIT quotient with respet to the linearization indued by a.
Sine the harater c : G → C∗ is trivial on H, the polynomial f on Cn is H-invariant and
therefore desends to a morphism g : Ya → A1. For the same reason, i.e. triviality of c on H, the
stak Ya has trivial anonial bundle. The ation of (C∗)n on Cn desends to the ation of the torus
TH = (C
∗)n/H on Ya. Observe that there exists a short exat sequene
1→ C∗ → TH → T → 1
where the subgroup C∗ may be identied with G/H.
Corollary 3.3. In the above setting, the derived ategory Db(M) is equivalent to the split ompletion
of the equivariant singular ategory DC
∗
sg (g
−1(0)).
Proof. First, we an view f as a funtion, whih we denote by the same letter, on the total spae
of the anonial bundle KP . By Proposition 3.2 the derived ategory of M is equivalent to the
split ompletion of the equivariant singular ategory of the zero ber of f : KP → A
1
. Observe
that both KP and Y
a
are tori with the same torus TH . For KP this follows from the fat that it
is a quotient of an open subset in Cn × C by G, and if we use the harater c to lift the natural
embedding G ⊂ (C∗)n to an embedding G ⊂ (C∗)n×C, then the quotient (C∗)n×C/G is anonially
isomorphi to TH .
Sine both KP and Y
a
have trivial anonial bundles, by Theorem 1.1 and Theorem 3.1 it sues
to nd an ane variety Z whih is tori with respet to TH , and two proper equivariant birational
morphisms φ : KP → Z, ψ : Y
a → Z whih indue projetive morphisms on oarse moduli spaes.
Sine generi stabilizers of KP and Y
a
are trivial and the morphisms to the oarse moduli spaes
are proper ([Vi, Prop. 2.11℄, [Ed, Prop. 4.2℄), it sues to onstrut birational projetive tori
morphisms from the oarse moduli spaes to Z.
Choose Z to be the spetrum of the ring of invariants C[x1, . . . , xn]
H
. Then the oarse moduli
spae Y a of Ya is projetive over Z: by GIT it is a Proj of a graded ring
⊕
l≥0Rl with Z ≃ Spec(R0).
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On the other hand, the moduli spae of KP is the geometri quotient of an open subset in C
n × C
by G, where the ation on the seond fator is via the harater c of G.
Consider the ring of invariants C[x1, . . . , xn, z]
G
for this ation. Sine z is dual to the last
oordinate vetor in Cn×C, the harater of theG-ation on it is (−c). EveryG-invariant polynomial
is a linear ombination of terms of the form h(x)zl, l ≥ 0 where G ats on h(x) ∈ C[x1, . . . , xn] via
the harater l · c. In partiular, eah h(x) is H-invariant. Therefore evaluation z 7→ 1 gives a ring
homomorphism
C[x1, . . . , xn, z]
G → C[x1, . . . , xn]
H
To show that it is as isomorphism observe that every H-invariant polynomial is a sum of H-invariant
monomials and that of eah H-invariant monomial xα the group G ats via a harater with is trivial
on H. Sine Ker(A → AH) = Z · c, suh a harater is a multiple of c. But a multiple l · c with
negative l may not be a G-weight of monomial xα with positive exponents, otherwise xα(x1 . . . xn)
−l
would give a non-onstant regular funtion on the projetive variety P = (Cn \ B)/G. We proved
that
C[x1, . . . , xn]
H =
⊕
l≥0
C[x1, . . . , xn]
l·c
whih implies that the above map of invariants is an isomorphism. We also observe that the grading
on the left hand side is preisely the grading resulting from the ation of C∗ ⊂ TH on Z.
It remains to show that the oarse moduli spae of KP , i.e. the geometri quotient
(
(Cn \
B) × C
)
/G, admits a projetive morphism to Z. Sine the stabilizers of the G-ation are nite
the assertion would follow from GIT if (Cn \ B) × C is the set of semistable points for some G-
linearization of the trivial bundle, oming from a harater a ∈ A. Choose any a whih gives an
ample line bundle in Pic(P) ⊂ A. We need to prove that (Cn \ B)×C is preisely the set of points
for whih one an nd a non-vanishing polynomial f(x)zl of G-weight m · a, m ≥ 0.
For any point (p, q) ∈ (Cn \ B) × C, p will projet to a point p ∈ P and by ampleness there
is a setion of L⊗ma not vanishing at p. This setion gives a polynomial f(x) of G-weight a · m
non-vanishing at p, hene f(x)z0 is a quasi-invariant polynomial not vanishing at (p, q).
On the other hand, we want to show that any f(x)zl of G-weight m · c will vanish at any point
(p, q) ∈ B × C. It sues to show that any polynomial f(x) of weight a′ = l · c + m · a with
m > 0, l ≥ 0, will vanish at p ∈ B. Sine we assumed that K∨P is nef, replaing f(x) by its positive
power we an assume that a′ is an ample lass in Pic(P). We an also assume that f(x) is a
monomial xα.
Now take a loser look at B, a union of oordinate subspaes of the form Bj = {xi = 0|i ∈ Pj}
where Pj ⊂ {1, . . . , n} is a subset alled a primitive olletion (and the index j will run over all
primitive olletions). See Setion 5.1 of [CLS℄ for details. The ruial observation is that eah Pj
gives a lass rj in the one of eetive urves on P. Sine a
′
is ample and the one of eetive urves
is spanned by rj , see Theorem 6.3.10 in lo. it, the intersetion number a
′ · rj should be positive
for all j, whih will imply that for any j there exists i ∈ Pj whih gives a positive exponent αi in
the monomial xα = xα11 . . . x
αn
n . Then x
α
must vanish on eah Bj , whih will imply the assertion
about the set of stable points.
In more detail: eah variable xi, i = 1, . . . , n orresponds to a one-dimensional one ρi ∈ NR in
the fan Σ dening our tori variety, and hene to a torus-invariant prime divisor Di in P. One the
other hand, the spae of numerial lasses of urves in P an be identied with the spae of vetors
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C = (β1, . . . , βn) suh that
∑
biρi = 0 in NR, in suh a way that for a divisor D =
∑
αiDi the
intersetion number D · C is given by
∑
αiβi, f. Exerise 6.3.3 in lo. it.
Now, for any primitive olletion Pj , Batyrev's onstrution gives a relation in NR of the type
rj =
∑
i∈Pj
ρi −
n∑
s=1
csρs
with cs ∈ Q≥0, f. Denition 6.3.9 of lo. it. Moreover, sine rj orresponds to a numerially
eetive lass of urves by ampleness of a′ we should have
∑
i∈Pj
αi −
n∑
s=1
csαs > 0.
All cs and αs are non-negative hene αi for some i ∈ Pj . That is, the monomial x
α
ontains the
variable xi with a positive exponent and hene vanishes on the subspae Bj ⊂ B. Sine this holds
for every primitive olletion Pj , and B is the union of Bj , we onlude that x
α
vanishes on B.
To sum up: we have proved that X = KP and Y
a
admit projetive tori morphisms (automatially
birational) onto the ane variety Z = Spec(C[x1, . . . , xn]
H). Sine the funtions on X and Ya are
pulled bak from Z, we an apply Theorem 3.1 and Theorem 1.1 to onlude that the equivariant
singular ategories of X0 and Y
a
0 are equivalent, whih nishes the proof. 
Example 3.4. [O2, Thm. 3.12, Calabi-Yau ase℄ Take the weighted projetive spae P = P(a) :=
P(a0, · · · , an) with ai > 0 for all i. Let f be a quasi-homogeneous polynomial that is invariant under
the ation of H = ZN where N =
∑
ai and M the zero set of f in the tori stak orresponding to
P(a). Denote by g the indued funtion on the quotient stak Y = [Cn/ZN ] (here H is nite, and
no hoie of a is needed). Then there is an equivalene between Db(M) and the split ompletion of
DC
∗
sg (g
−1(0)).
Example 3.5. Take P = P = P1×P1 with A = Z⊕Z. The weights of the homogeneous oordinates
x1, . . . , x4 are a1 = a2 = (1, 0) and a3 = a4 = (0, 1). A quik alulation shows that H ≃ C
∗ × Z2
hene Ya is a GIT quotient of C4 by H. Restriting the ation on C4 to C∗ ⊂ H we nd that the
weights are (+1,+1,−1,−1). There are two essentially dierent linearizations: one whih gives a
positive weight when restrited to C∗ and one whih gives a negative weight. The two resulting
quotients Y+ and Y− dier by a standard tori op. In partiular, they have equivalent derived
ategories and applying Theorem 1.1 with X = Y+, Y = Y− we see that the equivariant singular
derived ategories of (g+)−1(0) and (g−)−1(0) are equivalent. Their split ompletions are further
equivalent to the derived ategory of the ellipti urve M in P1 × P1 by Corollary 3.3.
Example 3.6. Take P = P = F1, the Hirzebruh surfae, whih may be identied with the quotient
(k4 \ B)/(C∗)2 where B is the union of two oordinate planes x1 = x2 = 0 and x3 = x4 = 0. The
weights of the ation of G = (C∗)2 on C4 are (1, 0), (1, 1), (0, 1), (0, 1). The subgroup H ≃ C∗ is
given by (t3, t−2) and hene the weights of the H ation on C4 are (3, 1,−2,−2). Again we have
two linearizations for the H ation and the orresponding hoies of Ya dier by a tori op.
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3.3. Produts of hypersurfaes. Assume that for i = 1, . . . m, we are given a Calabi-Yau hyper-
surfae Mi in a projetive simpliial tori stak Pi with nef antianonial bundle. By adjuntion,
Mi is dened by vanishing of a setion ti of the antianonial bundle K
∨
Pi
. We an view the produt
M =M1 × . . .Mm as a omplete intersetion in the stak P = P1 × . . .× Pm.
On the other hand, let Yai be a stak orresponding to a harater ai as in Setion 3.2, and
gi : Y
ai → A1 the funtion indued by the dening equation of Mi. This gives a funtion g =
g1+ . . .+ gm on the diret produt Y = Y
a1 × . . .×Yam . The ation of C∗ on eah Yai indues the
diagonal ation on Y.
Corollary 3.7. There exists an equivalene between Db(M) and the split ompletion of DC
∗
sg (g
−1(0)).
Proof. Let X = KP1×. . . KPm be the produt of total spaes of anonial bundles on the staks, and
f : X → A1 the berwise linear funtion orresponding to t1⊕. . .⊕tm. By the same argument as with
a single hypersurfae, both X and Y admit a proper birational morphism to the produt ane variety
Z = Z1 × . . . × Zm whih indues a projetive morphism on moduli spaes. Thus D
C∗
sg (f
−1(0)) ≃
DC
∗
sg (g
−1(0)) as before. Now we apply Proposition 3.2 to the diret sum of antianonial bundles
on P1 × . . . ×Pm. 
Remark 3.8. One ould attempt to apply the same reasoning to general Calabi-Yau omplete inter-
setions in a tori variety P but it leads to a tehnial diulty. Let β1, . . . , βm be elements in the
stak Piard group A, suh that
β1 + . . . + βm = a1 + . . . + an
Assume in addition that eah bundle Lβi has a non-zero regular setion ti and that t1, . . . , tm form
a regular sequene. This implies, in partiular, that eah βj is a linear ombination of the ai with
non-negative oeients. Let AH be the quotient by the subgroup of A spanned by β1, . . . , βm and
H ⊂ G the dual group. Suppose we wanted to establish a derived equivalene between the total
spae X of the bundle L−β1 ⊕ . . .⊕L−βm and a quotient Y of some open subset of H-stable points
in Cn, by the ation of H. In partiular, we would want proper birational morphisms from X and
Y to the same variety (or stak) Z.
If we dene Z as a spetrum of a ring of invariants, then for Y this ring should be C[x1, . . . , xn]
H
,
while for X the ring is C[x1, . . . , xn, z1, . . . , zm]
G
where G ats on the extra variable zj via the
harater −βj . Sending eah zj to 1 (or to some nonzero onstant cj) we will get a map
C[x1, . . . , xn, z1, . . . , zm]
G → C[x1, . . . , xm]
H .
We observe that this map is injetive if and only if β1, . . . , βm are linearly independent over Z,
whih is a reasonable ondition. However, the surjetivity is less trivial: one would need to ensure
that for every equality in A
p1a1 + . . .+ pnan = q1β1 + . . . qmβm
the ondition pi ≥ 0 for all i implies the ondition qj ≥ 0 for all j. The reader is invited to hek
that this fails e.g. when P = P2 × P2 with Pic = Z⊕ Z, and
a1 = a2 = a3 = (1, 0); a4 = a5 = a6 = (0, 1); β1 = a1 + a4 + a5; β2 = a2 + a3 + a6.
In suh a situation X and Y would be proper over non-isomorphi, although birational, ane
varieties. Perhaps one ould modify our onstrution, e.g. by passing to a partial ompatiation
of X or Y, to obtain the analogue of Corollary 3.7 in a more general situation.
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